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Relay feedback methods have been widely used in tuning proportional-integral-de-
rivative controllers automatically. Previous approaches usually use specific point data
such as the oscillation amplitude and period of the relay response. In this article, we
propose new identification methods, which use integrals of the relay response instead
of the point data. The proposed methods guarantee better accuracy and advantages in
obtaining the ultimate information of process as well as parametric models compared
with previous approaches, because effects of the high order harmonic terms are sup-
pressed significantly using the integrals of the relay responses. � 2007 American Institute

of Chemical Engineers AIChE J, 53: 2329–2338, 2007
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Introduction

Since Astrom and Hagglund1 introduced the autotuning
method, which used the relay feedback test, many variations
have been proposed for autotuning of PID controllers.1–3

Several methods such as a saturation relay,3 relay with a P
control preload,4 and a two-level relay5 were introduced to
obtain more accurate ultimate information of the process by
suppressing the effects of the high order harmonic terms. To
obtain a Nyquist point other than the critical point, a relay
with hysteresis or a dynamic element such as time delay has
been used.6–9 Recently, a two-channel relay has been pro-
posed to obtain a Nyquist point information corresponding to
a given phase angle.10,11 Methods to reject unknown load
disturbances and restore symmetric relay oscillations have
been available.12–14 A biased relay has been used to obtain
the process steady state gain as well as the ultimate informa-
tion from only one relay test.15 Huang et al.16 used the inte-

gral of the relay transient to obtain the steady state gain of
the process.

Many Nyquist points of the process dynamics can be
extracted from only one relay experiment by applying the
FFT (fast Fourier transformation) technique to the whole
transient responses from the start to the final cyclic steady-
state part of the relay responses.17 However, the computa-
tions are somewhat complex and the complete transient
responses must be stored. For the same purpose, Laplace
transformation of a periodic function has been used to obtain
many frequency responses from one relay test.18

The shape factor has been used to extract a three-parame-
ter model from the cyclic steady state part of the relay
response.19 Several authors derived exact expressions relating
the parameters of the FOPTD process to the measured data
of the relay response.20,21 They used the analytic expressions
to extract parameters of the FOPTD model. However, the
methods based only on the cyclic steady state data cannot
provide acceptable robustness for uncertainty such as pro-
cess/model mismatches and nonlinearity. They may provide
poor model parameter estimates such as negative gain when
the model structure is different from that of the process.22

The second-order plus time delay (SOPTD) model can also
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be extracted from the cyclic steady state part of the relay
response using analytic equations. However, as in the
FOPTD model case, the method is also not robust. A relay
experiment with a subsequent P control experiment or
another relay feedback test can be used to obtain an SOPTD
model robustly.23,24

In this research, identification methods to extract more
accurate frequency response information and parametric
models from a single conventional relay feedback test are
proposed. We use various integrals of the original relay feed-
back responses to enhance identification performances with-
out modifying the relay feedback system. As in the step
response method,6 areas (equivalently, integrals) will have
merits over point data and they are investigated here. Since
the conventional relay feedback method is used, the proposed
method shares its practical and theoretical merits. Integrals
of the relay responses let the fundamental frequency term to
be dominant compared to the high harmonic terms, resulting
in better accuracy in estimating frequency response informa-
tion and model parameters. Because it is not required to store
the whole trajectories and computations are simple, the pro-
posed methods can be incorporated easily in commercial PID
controllers.

Conventional Relay Feedback Method

We consider a classical relay feedback system as shown in
Figures 1 and 2 to derive the required equations in this
research. We start the relay feedback system at a steady state
condition. The relay is first kept on until the process output
rises up to a given level and then is set to the normal mode
of switching at the instant that the process output crosses a
given set point. This relay feedback system will produce a
stable oscillation as shown in Figure 2. It is notable that we
should set the given level in the beginning of the relay feed-
back to a significantly large value if we want to extract the
zero-frequency information of the process. Otherwise, we
cannot guarantee acceptable robustness in extracting zero fre-
quency information from the relay responses.

Astrom and Hagglund1 used this oscillation to extract ap-
proximate ultimate information and tune the proportional-in-
tegral-derivative (PID) controllers automatically. Let the input
and output trajectories be ua(t) and ya(t) for the conventional
relay feedback system, respectively. At the time t1, ua(t) and
ya(t) are assumed to be fully developed (cyclic steady state).
Then, it can be represented by the Fourier series as

uað~tÞ ¼ 4h

p
sinðx~tÞ þ 1

3
sinð3x~tÞ þ 1

5
sinð5x~tÞ þ � � �

� �
(1)

where ~t ¼ t� t1 and h is the relay amplitude. Let p and x 5
2p/p are the period and the frequency of the relay feedback
oscillation. Equation 1 is valid for

~t ¼ t� t1 � 0 (2)

The output corresponding to uað~tÞ is

yað~tÞ ¼ 4h

p

�
GðjxÞj j sinðx~tþ ffGðjxÞÞ

þ 1

3
Gðj3xÞj j sinð3x~tþ ffGðj3xÞÞ þ � � �

�
(3)

where G(s) is the process transfer function. Neglecting the
high harmonic terms and assuming ffG(jx) � 2p, we obtain
the ultimate frequency xu, and uað~tÞ � 4h sinðxu~tÞ=p, yað~tÞ
� 4h GðjxuÞj jsin xu~tþffGðjxuÞð Þ=p��4h GðjxuÞj jsinðxu~tÞ=p.
We obtain the following approximate ultimate period Pu and
ultimate gain Kcu as

Pu ¼ p (4)

Kcu ¼ 4h

pa
(5)

where a is the measured amplitude of ya(t). It should be
noted that the estimated ultimate information is approximate
because we neglect the high harmonic terms. As a result, the
ultimate period of Eq. 4 and the ultimate gain of Eq. 5 shows
relative errors up to 5 and 18%, respectively, for the first-
order plus time delay (FOPTD) process. In this case, the ulti-
mate gain error may not be acceptable.

Proposed Methods for Ultimate
Data Estimation

In this research, we use integrals of the process input and
output instead of the point data to obtain more accurate pro-
cess frequency information and parametric process models
by suppressing the effects of high harmonic terms.

Figure 1. A conventional relay feedback system with
integrals of responses.

Figure 2. Typical relay feedback responses and their
integrals.
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Proposed Eq. 1

Let ub(t) and yb(t) be integrals of the relay responses as

ubðtÞ ¼
Z t

0

uaðtÞdt (6)

ybðtÞ ¼
Z t

0

yaðtÞdt (7)

Then, from Eq. 1, the response ub(t) after t1 is

ubð~tÞ ¼ ubm

� 4h

px
cosðx~tÞ þ 1

9
cosð3x~tÞ þ 1

25
cosð5x~tÞ þ � � �

� �
(8)

where ubm is the mean value of ub(t)

ubm ¼ 1

p

Z t1þp

t1

ubðtÞdt (9)

From Eq. 3, the response yb(t) after t1 can be represented as

ybð~tÞ ¼ ybm � 4h

px

�
GðjxÞj j cosðx~tþ ffGðjxÞÞ

þ 1

9
Gðj3xÞj j cosð3x~tþ ffGðj3xÞÞ þ � � �

�
(10)

where ybm is the mean value of yb(t).

ybm ¼ 1

p

Z t1þp

t1

ybðtÞdt: (11)

Figure 2 shows typical plots of these responses.
By neglecting the high harmonic terms and assuming

ffG(jx) 5 2p (equivalently, the relay period is the ultimate
period), we obtain ubð~tÞ � ubm � �4h cosðxu~tÞ=pxu and
ybð~tÞ � ybm � �4h GðjxuÞj j cosðxu~tÞ=pxu. Then, we have the
following approximate ultimate gain Kcu.

Kcu ¼ 2hp

p2b
(12)

where b is the measured amplitude of ybð~tÞ � ybm. That is,
b ¼ 4h GðjxuÞj j=pxu ¼ 2ph GðjxuÞj j=p2. Then, (12) is ob-
tained directly from 1/|G(jxu)| 5 2ph/p2b. The quantity b is
physically the half of the shaded area of yað~tÞ in Figure 2.
The proposed method of Eq. 12 will be superior to Eq. 5
because the ratios of the high harmonic terms to the funda-
mental frequency term in ybð~tÞ are much smaller than those
in yað~tÞ as shown in Eqs. 1, 3, 8, and 10.

Proposed Eq. 2

From the relay feedback responses in Figure 2, we can
construct the following responses as

ucð~tÞ ¼ uað~tÞ þ 6p
p

ubð~tþ p=4Þ � ubmð Þ

¼ 16h

p
sinðx~tÞ þ 52h

25p
sinð5x~tÞ þ � � � (13)

ycð~tÞ ¼ yað~tÞ þ 6p
p

ybð~tþ p=4Þ � ybmð Þ (14)

We should remark that uað~tÞ is a rectangular wave, ubð~tÞ is a
triangular wave and ucð~tÞ is their combination such that the
third harmonic term vanishes. The forcing functions of ubð~tÞ
and ucð~tÞ are closer to a sinusoidal wave than uað~tÞ. Hence,
ybð~tÞ and ycð~tÞ are closer to the sinusoidal wave than yað~tÞ.
Figure 3 shows typical plots of these responses.

Approximating the maximum of ycð~tÞ as max yað~tÞð Þþ
6p
p max ybð~tÞ � ybmð Þ ¼ aþ 6pb=p, we have

Kcu ¼ 16h

pðaþ 6pb=pÞ ¼
1

1
4

pa
4h

� �þ 3
4

p2b
2hp

� � (15)

Proposed Eq. 3

Consider the following quantity.

qa � 2

p

Z t1þp

t1

yaðtÞ2dt

¼ 16h2

p2
GðjxÞj j2þ 1

9
Gðj3xÞj j2þ � � �

� �
(16)

The right-hand side of Eq. 16 is derived by applying ortho-
gonality of sine and cosine functions (Appendix A) to Eq. 3.
It is remarked that, to compute the above quantity, the trajec-
tory of ya(t) does not need to be stored. By ignoring high
harmonic terms in qa, we obtain

Kcu ¼ 4h

p
ffiffiffiffiffi
qa

p : (17)

When yað~tÞ is sinusoidal, a ¼ ffiffiffiffiffi
qa

p
and Eqs. 5 and 17 provide

the same results.

Figure 3. Normalized wave forms of fully developed
relay feedback responses.
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Proposed Eq. 4

Consider the following quantity.

qb � 2

p

Z t1þp

t1

ybðtÞ2dt� 2ybm
2

¼ 16h2

p2x2
GðjxÞj j2þ 1

81
Gðj3xÞj j2þ � � �

� �
(18)

As for Eq. 16, the right-hand side of Eq. 18 is derived by
applying orthogonality of sine and cosine functions to Eq.
10. By ignoring high harmonic terms in qb, we have

Kcu ¼ 2hp

p2
ffiffiffiffiffi
qb

p (19)

When ybð~tÞ is sinusoidal, b ¼ ffiffiffiffiffi
qb

p
and Eqs. 12 and 19 pro-

vide the same results.
Figure 4 shows the relative errors in estimated ultimate pe-

riod and ultimate gains. For FOPTD processes with ratios of
time delays to time constants between 0.1 and 5, Eqs. 12, 15,
17, and 19 have relative errors below about 6%. We can see
that errors in Eq. 5 for the ultimate gain can be improved
considerably.

Proposed Methods for Nyquist Point
Data Estimation

In the previous section, we estimate the ultimate gain on
the assumption that the period of relay feedback oscillation
is the ultimate period. We omit that assumption in this
section.

Our goal is to find the following amplitude ratio and the
phase lag of the process at the frequency of relay oscillation.

GðjxÞ ¼ Ax exp jð�pþ /xÞð Þ; x ¼ 2p
p

(20)

where Ax ¼ GðjxÞj j and /x 5 p 1 ffG(jx). From Eqs. 3,
10, 16, and 18, we can obtain the approximate amplitude ra-

tio at the frequency x 5 2p/p by neglecting high harmonic
terms. Among them, we consider

Ax ¼ p2
ffiffiffiffiffi
qb

p
2hp

; (21)

which is the most accurate equation for an amplitude ratio
at the frequency x 5 2p/p. When GðjnxÞj j < GðjxÞj j; n
¼ 2; 3; � � � , its approximation error is

Ax � GðjxÞj jð Þ= GðjxÞj jj j �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1=34 þ 1=54 þ � � �

p
� 1

¼ p2

4
ffiffiffi
6

p � 1 ¼ 0:0073 (22)

Now, consider the following quantity

qc ¼ 2

p

Z t1þp

t1

uaðtÞybðtÞdt
� 	,

2

p

Z t1þp

t1

ubðtÞybðtÞdt� 2ubmybm

� 	

¼
8ph2

p3 sin ffGðjxÞð Þ þ Gðj3xÞj j
27 GðjxÞj j sin ffGðj3xÞð Þ þ � � �

h i
4p2h2

p4 cos ffGðjxÞð Þ þ Gðj3xÞj j
81 GðjxÞj j cos ffGðj3xÞð Þ þ � � �

h i
¼ 2p

p

sinð/xÞ
cosð/xÞ

þ Gðj3xÞj j
GðjxÞj j

�

3 � sin ffGðj3xÞð Þ
27cosð/xÞ

þ sinð/xÞcos ffGðj3xÞð Þ
81cos2ð/xÞ

� �
þ � � �

	
(23)

Ignoring high harmonic terms, we have

/x ¼ arctan
p

2p
qc

� �
(24)

Then, the approximate phase angle of process is ffGðjxÞ
� /x � p.

Figure 5 shows the relative errors of the amplitude ratio
estimates of Eq. 21 and phase lag estimates of Eq. 24 for the
FOPTD process. We can see that the estimates of Eqs. 21
and 24 have relative errors below 0.5%.

Figure 4. Relative error in estimation of the ultimate
period and gain for FOPTD processes (G(s)
5 exp(2ds)/(ss11)).

Figure 5. Relative error in estimation of the amplitude
ratio and phase angle for FOPTD processes
(G(s) 5 exp(2ds)/(ss11)).
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Steady State Data Estimation

Process dynamic information contained in the cyclic steady
state part of the relay responses corresponds to the frequency
of x 5 2p/p and its multiples. Therefore, to estimate the pro-
cess information at the frequency zero, we need the transient
relay response from the start to the cyclic steady state. Here,
a method to extract the process steady state information with-
out storing the relay transient and complex computations is
introduced. In Ma and Zhu,18 it is shown that

UaðsÞ ¼
Z t1

0

uaðtÞ expð�stÞdtþ
Z 1

t1

uaðtÞ expð�stÞdt

¼
Z t1

0

uaðtÞ expð�stÞdt

þ 1

1� expð�psÞ
Z t1þp

t1

uaðtÞ expð�stÞdt

YaðsÞ ¼
Z t1

0

yaðtÞ expð�stÞdtþ
Z 1

t1

yaðtÞ expð�stÞdt

¼
Z t1

0

yaðtÞ expð�stÞdt

þ 1

1� expð�psÞ
Z t1þp

t1

yaðtÞ expð�stÞdt

(25)

Let

~UaðsÞ ¼ 1� expð�psÞð ÞUaðsÞ
~YaðsÞ ¼ 1� expð�psÞð ÞYaðsÞ

(26)

Since GðsÞ ¼ ~YaðsÞ= ~UaðsÞ, we have (Appendix B)

Gð0Þ ¼ lim s!0

~YaðsÞ
~UaðsÞ

¼ ~Y0
að0Þ= ~U0

að0Þ (27)

where

~U0
að0Þ ¼

Z t1þp

t1

ubðtÞdt ¼ p3ubm

~Y0
að0Þ ¼

Z t1þp

t1

ybðtÞdt ¼ p3ybm

The above Eq. 27 for the process steady state gain is equiva-
lent to that in Huang et al.16

As in the moment analysis of Astrom and Hagglund,6 we
can obtain G0(0) (Appendix B)

G0ð0Þ ¼ lim s!0

~Y0
aðsÞ � GðsÞ ~U0

aðsÞ
~UaðsÞ

¼ lim s!0

~Y00
aðsÞ � G0ðsÞ ~U0

aðsÞ � GðsÞ ~U00
aðsÞ

~U0
aðsÞ

¼ �G0ð0Þ þ
~Y00

að0Þ � Gð0Þ ~U00
að0Þ

~U0
að0Þ

¼
~Y00

að0Þ � Gð0Þ ~U00
að0Þ

2 ~U0
að0Þ

ð28Þ

where

~U00
að0Þ ¼ 2p

Z t1

0

ubðtÞdt� 2

Z t1þp

t1

tubðtÞdt

~Y00
að0Þ ¼ 2p

Z t1

0

ybðtÞdt� 2

Z t1þp

t1

tybðtÞdt

This process information is very useful in obtaining higher
order process models.

Proposed Methods for First-Order Plus Time
Delay Model Estimation

From the relay feedback responses, we can obtain the fol-
lowing first-order plus time delay (FOPTD) model.

GmðsÞ ¼ k expð�dsÞ
ssþ 1

(29)

Since it has three unknowns, three experimental quantities
are needed. From the steady state gain k of Eq. 27, the peak
value a of yað~tÞ, and the relay oscillation period p, the
FOPTD model can be determined analytically by the follow-
ing previous approach.20,22,25

k ¼ ybm
ubm

(30)

s ¼ p

2

1

ln khþa
kh�a

� � (31)

d ¼ s ln
exp p=ð2sÞð Þ þ 1

2

� �
(32)

These equations are exact for the FOPTD process.

Proposed Eq. 5

Equation 31 (consequently, Eq. 32) does not provide ac-
ceptable accuracy for the case of a large time delay with
measurement errors. We overcome this problem using the
integrals of the relay feedback responses. From the oscilla-
tion amplitude b of ybð~tÞ instead of the peak value a of yað~tÞ,
we can obtain estimate of the time constant as

s ¼ b

kh
þ p

4

� �

lnðv1Þ

vc11 � 2v1 þ 1 ¼ 0

c1 ¼ p



2b

kh
þ p

2

� � (33)

This equation can be obtained by rearranging the analytic
equations for p and b in Table 1. Here, the proposed last five
equations in Table 1 are derived from the first three equa-
tions.20,22 Equation 33 is exact for the FOPTD process, but
requires solving a nonlinear algebraic equation for v1. For a
simpler application, we use the following approximate
solution:

s ¼ p

2

1� 1=c1

ln 2þ 1�6ð1�c1=2Þ4
1�2ðc1=2Þ�1=ðc1�1Þ

h i : (34)
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This equation can be obtained by applying perturbation analy-
sis and numerical technique to the exact nonlinear equation.

Proposed Eq. 6

From the analytic equation for qa in Table 1, we can
obtain

s ¼ p=ð4v2Þ
v2 ¼

1

c2
tanhðv2Þ

c2 ¼ 1� qa
2k2h2

(35)

Instead of solving the nonlinear equation for v2, we use an
approximate solution:

s ¼ p

4

c2

tanh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15 1�c2

6c2�1

q� � : (36)

This approximation is obtained by utilizing26

tanhðxÞ � x

1þ x2

3þx2

5

: (37)

Proposed Eq. 7

From the analytic equation for qb in Table 1, we can
obtain

s ¼ p=ð4v3Þ
� c3v3

3 þ v3 ¼ tanh ðv3Þ
c3 ¼ 1

3
� 8qb
p2k2h2

: (38)

Instead of solving the nonlinear equation for v3, we use an
approximate solution:

s ¼ p

4

ffiffiffiffiffi
c3

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ffiffiffiffiffi

c3
p

tanhð1= ffiffiffiffiffi
c3

p Þp : (39)

This approximation is obtained by applying numerical tech-
nique together with the approximation of Eq. 37.

Proposed Eq. 8

From Eq. 21 and GðjxÞj j ¼ k=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2x2 þ 1

p
, we can also

obtain

s ¼ p

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2k2h2

p4qb
� 1

s
: (40)

In summary, we estimate the time constant of the FOPTD
model using one of the proposed methods of Eqs. 34, 36, 39,
and 40. The static gain and time delay can be estimated by
Eqs. 30 and 32, respectively. Figure 6 shows the relative
approximation errors of equations in estimating the time con-
stant s. It is seen that errors are all within 1% except for
approximation (40). Figure 7 shows relative error changes
when the measurements of a, b, qa, and qb are not accurate.
We can see that the estimated time constant based on a (pre-
vious approach of Eq. 31) is very sensitive to the measure-
ment error when the time delay is large. This sensitivity is
because the time constant change does not affect the ampli-
tude of ya(t) much when the time delay is large. One should
be cautious in using the Eq. 31 when the time delay is
expected to be large. Figure 7 shows that the proposed meth-
ods can relieve this disadvantage.

The curvature factor by Luyben19 can be used to check
how large d/s is. Without measuring an additional data for
the Luyben’s curvature factor, as an alternative, a quantity

F ¼ qa=a
2 (41)

Table I. Analytic Equations for Relay Feedback Responses

Process Analytic Equations

k expð�dsÞ
ssþ1 yaðt̂Þ ¼ kh 1� 2

1þ b
expð�t̂=sÞ

� �
;

t̂ ¼ ~t� d; b ¼ expð�p=ð2sÞÞ; h ¼ relay amplitude

p ¼ 2s ln 2 expðd=sÞ � 1ð Þ

a ¼ kh 1�b
1þb

qa ¼ ðkhÞ2 2� 8sð1�bÞ
pð1þbÞ

� �

ybðt̂Þ � ybm ¼ kh t̂� s� p
4
þ 2s

1þb expð�t̂=sÞ
� �

b ¼ kh s ln 1þb
2

� �
þ p

4

� �

qb ¼ ðkhÞ2 p2

24
� 2s2 þ 8s3ð1�bÞ

pð1þbÞ
� �

F ¼ qa
a2 ¼ 2 1þb

1�b

� �2

� 8s
p
1þb
1�b

Figure 6. Relative error in estimations of the time
constant s for FOPTD processes (G(s) 5
exp(2ds)/(ss11)).
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is used here. Figure 8 shows the curvature factor by Luy-
ben19 and Eq. 41 for FOPTD processes. The curvature factor
is useful to select an appropriate modeling method before we
estimate the model parameters. For example, the method of
Eq. 31 is not appropriate if the proposed curvature factor is
larger than about 0.7 (which corresponds to d/s 5 1.0), as
shown in Figure 7.

A FOPTD model can also be obtained without process
steady state gain information.19,22 However, because informa-
tion in the relay oscillation responses is concentrated around
ultimate frequencies, model parameters can be very inaccu-
rate. So, such methods are not recommended in general.

Figure 9 shows the integral of absolute error (IAE) in the
frequency domain for high order processes, critically damped
second-order plus time delay (SOPTD) processes, under-
damped SOPTD processes, and processes with inverse
responses.

IAE ¼
Z 2p=p

0

Gmðj ~xÞ � Gðj ~xÞj j
Gðj ~xÞj j d ~x (42)

It is seen that the proposed estimations of Eqs. 34, 36, and
39 improve the application of the previous approach of Eq. 31.

Proposed Method for Critically Damped Plus
Time Delay Model Estimation

Panda and Yu have shown that a three-parameter model of

GmðsÞ ¼ k expð�dsÞ
ðssþ 1Þ2 (43)

is applicable to a wide range of processes.22 Model parameters
for this critically damped plus time delay (CDPTD) model are
estimated. For the steady state gain k, Eq. 30 is used. From

Eq. 21 and Ax ¼ GmðjxÞj j ¼ k=ððsxÞ2 þ 1Þ, we have

Figure 7. Sensitivities of the estimated time constant s
for FOPTD processes (G(s)5 exp(2ds)/(ss11)).

Figure 8. Curvature factor plot for FOPTD processes
(G(s) 5 exp(2ds)/(ss11)).

Figure 9. IAE plots of FOPTD models for several higher
order processes (solid line: Eq. 31, dotted
line: Eq. 34, dashed line: Eq. 36, dash-dotted
line: Eq. 39).

Figure 10. IAE plots for several higher order processes
(solid line: FOPTD model (Eqs. 30, 32, and
39), dotted line: CDPTD model (Eqs. 43–46),
dashed line: SOPTD model (Eqs. 47–51)).
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s ¼ p

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2khp

p2
ffiffiffiffiffi
qb

p � 1

s
(44)

An analytic equation for the oscillation period3,22 is

exp � d

s

� �
þ c3

d

s
� c4 ¼ 0 (45)

where

c3 ¼ 2b
1þ b

c4 ¼
2 ð1þ p=ð2sÞÞbþ b2
� �

ð1þ bÞ2
b ¼ exp �p=ð2sÞð Þ

Equation 45 can be solved for d/s by the Newton-Raphson
method with an initial estimate

d

s
¼ p

2s
1� 2

p
arctan

2ps
p

� �� �
(46)

Proposed Method for Second-Order Plus
Time Delay Model Estimation

A general second-order plus time delay (SOPTD) model

GmðsÞ ¼ k expð�dsÞ
a2s2 þ a1sþ 1

(47)

has four unknowns; thus four experimental quantities are
needed. We use the process steady state gain information of
Eq. 27, its derivative of Eq. 28, qb of Eq. 18, and the oscilla-
tion period p. We solve

k ¼ Gmð0Þ ¼ ybm
ubm

(48)

kð�d � a1Þ ¼ G0
mð0Þ (49)

qb ¼ 16h2

p2x2
GmðjxÞj j2

� �
¼ 16h2

p2x2

k2

ð1� a2x2Þ2 þ ða1xÞ2
(50)

d ¼ p

2
1� arctanðqc=xÞ þ arctan2ð1� a1x

2; a2xÞ
� �

(51)

The computational procedure is as follows:
� Step 0: From relay feedback response, obtain Gm(0),

G0
mð0Þ, qb, and the oscillation period p. Let d 5 p/4.
� Step 1: Calculate a1 from Eq. 49.
� Step 2: Calculate a2 from Eq. 50.
� Step 3: Adjust d and repeat Steps 1 and 2 so that Eq. 51

is satisfied.
Figure 10 shows the IAE values in the frequency domain

for various processes. For most processes tested, the CDPTD
model by Eqs. 43–46 shows better results than the
FOPTD model by Eqs. 30, 32, and 39. We can see that
the SOPTD model by Eqs. 47–51 is the best. However, the
SOPTD model needs more measurements and iterative com-
putations.

Simulations

Simulations are performed to investigate the performances
of methods under sampling, discretization errors, and noisy
environments. The following process is considered.

GðsÞ ¼ expð�1:2sÞ
ðsþ 1Þ2ð0:5sþ 1Þ : (52)

Figure 11. Relay feedback responses subject to
measurement noise.

Table 2. Identification Results of the Proposed Method

Process Run No. Output Noise Size G(0) (1.00)* G0(0) (23.70)* Identified Models IAE

expð�1:2sÞ
ðsþ1Þ2ð0:5sþ1Þ 1 0 1.009 23.780

1:009 expð�2:210sÞ
1:968sþ1

0.093

1:009 expð�1:574sÞ
ð1:107sþ1Þ2

0.019

1:009 expð�1:565sÞ
1:191s2þ2:215sþ1

0.013

2 0.1 1.025 24.114 1:025 expð�2:0961sÞ
2:011sþ1

0.062

1:025 expð�1:465sÞ
ð1:112sþ1Þ2

0.039

1:025 expð�1:657sÞ
0:974s2þ2:457sþ1

0.085

3 0.1 1.002 23.432 1:002 expð�2:076sÞ
2:030sþ1

0.076

1:002 expð�1:443sÞ
ð1:117sþ1Þ2

0.040

1:002 expð�1:317sÞ
1:724s2þ2:115sþ1

0.053

*Exact value.
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Uniformly distributed noise n(t) with mean value and magni-
tude of 0, and 0.2 is introduced in the output. For noisy
responses, qa should be adjusted6 as

qa ¼ 2

p

Z t1þp

t1

yaðtÞ2dt� 2�ra
2; �ra

2 ¼ 1

T

Z T

0

nðtÞ2dt (53)

The noise characteristics, �ra2 ¼
R T
0
nðtÞ2dt=T, can be esti-

mated before starting the relay feedback test. Similarly, qb
needs to be adjusted as in qa when noise is involved.

Simulation results are shown in Figure 11. Models
obtained are in Table 2, and their Nyquist plots are in Figure
12. For the FOPTD model, estimation Eqs. of 30, 32 with 39
are used. Because the process (52) is an overdamped process
with a moderate time delay, all models estimated have excel-
lent agreement with the true model, as shown by the Nyquist
plot of Figure 12.

Conclusions

Without modifying the original relay feedback system,
simple and accurate estimates of process ultimate information
are easily obtained. We use various integrals of the relay
responses instead of point data to reduce the effects of the
high harmonic terms. For FOPTD processes, errors over 15%
of the previous approaches in estimating the ultimate gain
can be reduced to below 5%. We derived the equations to
extract a FOPTD, CDPTD, and SOPTD models from the pro-
cess information at the steady state and near the ultimate fre-
quency. They are very simple and can be applied easily to
commercial PID controllers.
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Appendix A: Orthogonality of
Trigonometric Functions27

For a set of trigonometric functions, {1, cos(xt), cos(2xt),
. . . , sin(xt), sin(2xt), . . .}, we have

2

p

Z tþp

t

sinðnxtÞ sinðmxtÞdt ¼ 0; n 6¼ m

1; n ¼ m

�
2

p

Z tþp

t

sinðnxtÞ cosðmxtÞdt ¼ 0

2

p

Z tþp

t

cosðnxtÞ cosðmxtÞdt ¼
0; n 6¼ m

1; n ¼ m 6¼ 0

2; n ¼ m ¼ 0

8<
:

(A1)

Figure 12. Nyquist plots of the process of Eq. 52 and
its estimates (solid line: FOPTD model (Eqs.
30, 32, and 39), dotted line: CDPTD model
(Eqs. 43–46), dashed line: SOPTD model
(Eqs. 47–51)).
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for p 5 2p/x. Applying these relationships, we can derive
Eqs. 16 and 17. For example, for a function of f ðtÞ ¼ a0þ
a1 cosðxtÞ þ b1 sinðxtÞþ a2 cosð2xtÞþ b2 sinð2xtÞ þ � � � ,

2

p

Z tþp

t

f ðtÞ2dt¼ 2a0
2 þ a1

2 þ b1
2 þ a2

2 þ b2
2 þ � � � (A2)

This is known as the Parseval theorem.

Appendix B: Moment Analyses6

Since

~UaðsÞ � 1� expð�psÞð Þ
Z t1

0

uaðtÞ expð�stÞdt

þ
Z t1þp

t1

uaðtÞ expð�stÞdt (B1)

we have

~U0
aðsÞ � pe�ps

Z t1

0

uaðtÞe�stdt

þ ð1� e�psÞ
Z t1

0

ð�tÞuaðtÞe�stdt

þ
Z t1þp

t1

ð�tÞuaðtÞe�stdt

~U00
aðsÞ � �p2e�ps

Z t1

0

uaðtÞe�stdt

� 2pe�ps

Z t1

0

tuaðtÞe�stdt

þ ð1� e�psÞ
Z t1

0

t2uaðtÞe�stdt

þ
Z t1þp

t1

t2uaðtÞe�stdt

(B2)

Then applying integration by parts:

~U0
að0Þ ¼ p

Z t1

0

uaðtÞdt�
Z t1þp

t1

tuaðtÞdt

¼ pubðt1Þ � tubðtÞjt1þp
t1

þ
Z t1þp

t1

ubðtÞdt

¼
Z t1þp

t1

ubðtÞdt

~U00
að0Þ ¼ �p2

Z t1

0

uaðtÞdt� 2p

Z t1

0

tuaðtÞdt

þ
Z t1þp

t1

t2uaðtÞdt

¼ 2p

Z t1

0

ubðtÞdt� 2

Z t1þp

t1

tubðtÞdt

(B3)

where ubðtÞ ¼
R t1
0
uaðtÞdt and ua(t) and ub(t) are periodic after

t 5 t1.
By applying the same procedure to

~YaðsÞ � 1� expð�psÞð Þ
Z t1

0

yaðtÞ expð�stÞdt

þ
Z t1þp

t1

yaðtÞ expð�stÞdt (B4)

we can obtain equations for ~Y0
að0Þ and ~Y00

að0Þ:

~Y0
að0Þ ¼

Z t1þp

t1

ybðtÞdt

~Y00
a ð0Þ ¼ 2p

Z t1

0

ybðtÞdt� 2

Z t1þp

t1

tybðtÞdt
(B5)

Manuscript received Oct. 12, 2006, and revision received Jun. 13, 2007.

2338 DOI 10.1002/aic Published on behalf of the AIChE September 2007 Vol. 53, No. 9 AIChE Journal


